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which are distributive lattices of some simpler semirings, namely, Mn-simple
and σn-simple semirings.

The preliminaries and prerequisites for this article are presented in Sec-
tion 2. In Section 3, we generalize the concept of k-radical of Green’s relation
J to that of an arbitrary relation, and investigate the semirings on which
the transitive closures and powers of k-radicals of different relations are dis-
tributive lattice congruences.

2. Preliminaries

A semiring (S,+, ·) is an algebra with two binary operations + and ·
such that both the additive reduct (S,+) and the multiplicative reduct (S, ·)
are semigroups and satisfy: for x, y, z ∈ S,

x(y + z) = xy + xz and (x+ y)z = xz + yz.

Every distributive lattice D can be regarded as a semiring (D,+, ·) such
that both the additive reduct (D,+) and the multiplicative reduct (D, ·) are
semilattices together satisfying:

x+ x · y = x for all x, y ∈ S.

By SL+ we denote the class of all semirings (S,+, ·) such that (S,+) is a
semilattice, that is, a commutative and idempotent semigroup. Throughout
this paper, unless otherwise stated, S is always a semiring in SL+.

Let A be a non-empty subset of S. Then the k-closure of A in S is
defined by

A =
{

x ∈ S | x+ a1 = a2 for some a1, a2 ∈ A
}

.

We have A ⊆ A, and if (A,+) is a subsemigroup of (S,+) then A = {x ∈
S | ∃ a ∈ A such that x+ a ∈ A}. An ideal I of a semiring S is a k-ideal
if I = I , in other words, if for a, x ∈ S, a, a+ x ∈ I ⇒ x ∈ I . A semiring S
is said to be k-simple if it has no non-trivial proper k-ideal. The principal
k-ideal [1] generated by a is given by

Ik(a) =
{

x ∈ S | (∃s ∈ S) x+ a+ sa+ as+ sas = a+ sa+ as+ sas
}

.

Green’s relation J on a semiring S in SL+ is defined by J = {(x, y)
∈ S × S | Ik(x) = Ik(y)}. Let A be a non-empty subset of a semiring S.
Then we define the k-radical of A in S by

√
A =

{

x ∈ S | (∃n ∈ N) xn ∈ A
}

.
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Abstract. We generalize the notion of k-radical of Green’s J -relation,
study the decompositions of semirings and investigate the semirings on which the
powers and transitive closures of k-radicals are distributive lattice congruences.

1. Introduction

The notion of semirings was introduced by Vandiver [6]. Initially, semi-
rings appeared in mathematics as the semiring of all ideals of a ring, the semi-
ring of all endomorphisms on a commutative semigroup, the positive cone in
ordered ring, etc. While studying the structure of semigroups, A. H. Clifford
[3] first introduced the semilattice decompositions of semigroups. The idea
consists of decomposing a given semigroup S into subsemigroups, through a
congruence η on S such that S/η is the greatest semilattice homomorphic
image of S and each η-class is a component subsemigroup.

In [1], the authors studied the structure of semirings, and the analogue
of semilattice decomposition was studied in semirings, whereby a descrip-
tion of the least distributive lattice congruence on a semiring S in SL+ was
provided. In [5], the authors introduced the notion of k-radical of Green’s
relation and studied the structure of semirings via the same. The authors, in
[2], continued the work and constructed the least distributive lattice congru-
ence on a semiring S in three different ways, and characterized the semirings
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